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Abstract

In the compound CeRh3B,, a rather special polarization of the conduction
electrons along the c-chains of cerium atoms had been previously reported at low
temperatures (Alonso et al 1998 J. Magn. Magn. Mater. 177-181 1048). The
distribution of the CeRh3B, magnetization has now been studied as a function
of temperature up to 150 K—that is, above the Curie temperature of 115 K.
The magnetization density maps have been obtained from polarized neutron
diffraction experiments by using the maximum entropy method. The cerium
form factor has also been analysed. Calculations of the form factor including
several multiplets are developed and it is shown that it is necessary to take into
account the influence of the higher multiplet of the Ce®* ion. This result is
coherent with the observation of a peak at high energy in the inelastic neutron
spectra, indicating a very large crystal electric field splitting. Both analyses
lead to the same conclusion that, on heating, the diffuse negative magnetization
observed at low temperature along the cerium chains disappears at the magnetic
ordering temperature. The influence of the second multiplet of the Ce** ion
could be part of the explanation for the low value of the 4f moment and the
large Curie temperature in CeRh3B,.

1. Introduction

The ternary cerium boride CeRh3B, shows ferromagnetic ordering with an unusually high
Curie temperature, 7 = 115 K [1]. It is by far the highest magnetic ordering temperature of
any cerium compound with non-magnetic elements. The isostructural compound GdRh3;B; has
a Curie temperature of 93 K and a simple de Gennes scaling would lead to a Curie temperature
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(plane L a)

Figure 1. The crystallographic structure of CeRh3B, and its projection on a plane perpendicular
to the a-direction of the hexagonal structure.

(This figure is in colour only in the electronic version)

value of ~1 K for CeRh3;B,—that is, two orders of magnitude lower than the real value. Its
magnetic properties are highly anisotropic. The easy magnetization is within the c-plane and
the saturation magnetization is only 0.4 up/formula unit, a value which is strongly reduced
compared to the cerium free ion value (2.14 ug). The magnetization along the hard c-axis is
about five times less than that along the easy direction. From measurements performed in the
paramagnetic state up to 800 K [2, 3], it is found that the magnetic susceptibility follows a
Curie—Weiss law only above 600 K.

CeRh;3B; crystallizes in the hexagonal CeCo3B,-type structure (figure 1). Rhodium atoms
lie in planes at z = 1/2, whereas the boron and the cerium atoms are in the basal plane.
There is only one site of cerium atoms, located at the origin of the cell (point symmetry
6/mmm). Along the c-axis, they form chains with very short Ce—Ce distances (3.04 A),
much shorter than in the c-plane (5.48 A). This feature was invoked as lying the origin of the
anomalous magnetic properties, especially those leading to hybridization between cerium 4f
and conduction electrons and to strong crystal electric field effects [4, 5]. This last property has
been confirmed by inelastic neutron spectroscopy measurements performed with high incident
energy at ISIS (UK). The observed transition corresponds to a crystal field splitting of the
order of 2000 K [6], a value which is not negligible when compared to the difference between
the cerium ground multiplet J = 5/2 and the excited multiplet /' = 7/2 lying at around
3250 K [7]. Contributions from the excited multiplet can then be present in the wavefunctions
of all energy levels, even the fundamental one.

A polarized neutron diffraction study [8], performed at 7 = 7 K in the ferromagnetic state
indicated localization of the magnetization density and confirmed the anisotropic character of
the magnetic properties. The magnetization at low temperature is distributed as follows:

(i) no magnetization on the rhodium and boron sites;
(i1) a 4f-type moment, with a definite asymmetry, localized on the cerium site; and
(iii) alarge negative diffuse contribution of 5d type, very anisotropic, lying between the cerium
atoms along the c-chains only.

Because of this negative diffuse contribution, the value of the 4f moment is quite different
from the value of the measured magnetization. It is therefore important to know the thermal
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Table 1.  Parameters of the crystal structure of CeRh3B, at low temperature. The b are the
Fermi lengths and the B the Debye—Waller factors. The absorption coefficient at this wavelength
is 1 = 4.0 cm~'. Space group: P6/mmm;a = 5.456 A, ¢ = 3.037 A.

Site x y z b(fm) B (A?)

Ce(lay 0 0 0 484 018
Rh(3g) 1/2 0 12 58 0.2
B2 1/3 2/3 0 656 018

dependence of this diffuse contribution to deduce the thermal variation of the 4f moment.
Polarized neutron diffraction measurements similar to those at 7 K [8] were undertaken at
various temperatures up to 150 K. Magnetization density maps were obtained and the cerium
4f form factor was calculated. Because of the very large crystal field splitting, the calculation
takes into account the presence of the two cerium multiplets.

2. Experimental details and results

The experiments at different temperatures were performed on the D3 diffractometer at the ILL
(Grenoble, France), at a wavelength 4 = 0.852 A. The magnetic field was applied parallel
to the easy magnetization direction a. Its value was 5 T, except at 7 = 150 K where it was
increased to 9 T in order to induce a larger moment and get a better precision. The former
experiment (7T =7 K and H = 4.6 T) was performed at the LLB (Saclay, France).

The crystal studied, CeRh3;B,, was the same as that already measured in [8]. It was
produced using 99% enriched ''B to avoid the large neutron absorption cross section due to
108, Its shape is a platelet of 2.0 x 1.5 x 3.6 mm?®, the first dimension being along the a-direction
and the last one along the c-direction. Its characteristics had already been determined for the
previous study. The values used for the treatment of our data are given in table 1. The extinction
factor g, deduced from polarized neutron diffraction experiments at several wavelengths [8],
is 700(100) rad .

Measurements of the flipping ratios R = I*/I~ = (1 + y)?>/(1 — y)? of the Bragg
reflections hkl yield values of Fyi(hkl) through y = Fy/Fn, where Fy and Fy are the
nuclear and magnetic structure factors, respectively. The flipping ratios of 30 independent
reflections of type 0kl were measured at four temperatures: 7 K for a rapid check of the
previous results [8], 110 and 120 K around the ordering temperature, and 150 K above the
ordering temperature. The first six reflections at low diffraction angle were also measured
at various intermediate temperatures. In order to take into account the imperfections of the
instrument, appropriate corrections (polarization of the incident beam, flipping efficiency,
A/2 corrections) were applied and the nuclear structure factors Fy were calculated using the
parameters of table 1.

3. Magnetization density maps

The Fyi(hkl) are the Fourier components of the magnetization density M (r). The projection
of this density on a plane perpendicular to the a-direction was calculated using the 2D
maximum entropy method (MaxEnt) [9]. This method yields the most probable magnetization
distribution map compatible with the measured Fy(hkl), taking into account their error
bars. Its main advantage, compared to the classical Fourier inversion, is that it makes no
assumption concerning the unmeasured Fourier components and avoids the oscillations due to
truncation effects. The number of pixels was chosen as 32 x 62 respectively along the [001]
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Figure 2. Left-hand side: projections along the a-direction of the magnetization distribution
obtained with MaxEnt in CeRh3B,. Full/dashed lines correspond to positive/negative contours.
(a) T = 7 K, the separation between the contour lines is 0.045 g A=2 for the negative and the
three first positive low contours and 0.450 up A~2 around the cerium sites. (b) T = 150 K, the
separation between the contour lines is 0.008 g A2 for the negative and the three first positive
low contours and 0.076 up A2 around the cerium sites. Right-hand side: the projected magnetic
density drawn between two cerium atoms along the [001] and [120] directions. The values are
normalized to the maximum value on the cerium atoms, that is 2.73 ug A=2 at T = 7 K (a) and
0417 ug A=2at T = 150 K (b).

and [120] directions of the direct space (the [001] and [010] directions of reciprocal space).
The projected maps have thus been obtained at the four temperatures 7, 110, 120 and 150 K.
The Fy(000) value is the bulk magnetization measured in the same experimental conditions—
that is, for 0.42(1), 0.25(1), 0.17(1) and 0.087(5) up, respectively. The field dependence of
the magnetization measured in the paramagnetic state at 150 K up to 10 T is perfectly linear.

The maps obtained for the lowest (T = 7 K [8]) and the highest (T = 150 K) temperatures
are shown in the left-hand side of figure 2. The corresponding projection of the atoms can be
seen in figure 1. At 7 K, in the ferromagnetic state (figure 2(a)), the results are those already
mentioned in the previous study:

(i) no magnetization is found on the rhodium atoms which are located on one unique site (see
the rhodium projected in (1/2, 1/2));
(i1) a 4f-type density is localized on the cerium site; and
(iii) a large negative diffuse contribution is observed between the cerium atoms along the
c-chains only.

At 150 K, in the paramagnetic state, this negative diffuse density has almost disappeared
(figure 2(b)). The density between the cerium atoms is more detailed on the right-hand side
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Figure 3. Comparison of the experimental (full dots) with the calculated (open dots) magnetic
amplitudes uf at T = 7 K. (a) Calculation with one multiplet / = 5/2; (b) calculation with
two multiplets J = 5/2 and J' = 7/2. Calculations were performed using the wavefunction
coefficients.

Table 2. Refined wavefunction coefficients a; » from data at 7 = 7 K. N is the number of
multiplets, K a scaling factor of the moment, r4¢ the calculated 4f moment and uff its spin part.

Ny

)

a a

S

a

IS}

55 ds 3 51 51 53 ds55
202 2'2 2'2 2:2 3:2 2:2
azi ars azps daz| a; 1 ay3 a;s a;; Ko Mff x*
272 2°2 2 2°2 23 23 232 22
(uB)  (uB)
1 0 0.323 0 —-0.687 0 0.650
(44) (47)
0 0 0 0 0 0 0 0 0.6 058 —-02 94
()
2 0 0.207 0 0.570 0 0.656
(100) (40) (48)
0.290 0 0.154 0 —-0.197 0 0235 0 0.66 052 —-03 19
(30) (102) (51)

of figure 2 where these densities along the [001] or [120] directions are drawn for the two
temperatures. It is quite clear that at 7 = 7 K the densities along the two directions are
very different: it is strongly negative along [001] whereas it is around zero along [120]. At
T = 150 K, the density along [001] has strongly decreased whereas the density along [120] is
unchanged.

4. Form factor

The Fu(hkl) can be directly analysed in reciprocal space (see figures 3 and 4, plain dots). They
correspond to the sums of two magnetic amplitudes i f (Q) centred on the cerium site, where
W is the magnetic moment and f(Q) the associated magnetic form factor for the scattering
vector Q (|Q| = 4msinf/A). One magnetic amplitude is of 4f type and is observed up to
sin/A = 1.0 A~'. The negative and anisotropic second one, of 5d type, is very delocalized
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and vanishes at sin /A ~ 0.2 A~!. Reflections lying above this value are then characteristic
of the 4f contribution only. Therefore, the first three reflections 010, 011 and 020, as well
as 000 given by the macroscopic magnetization, were not used for the refinements of the
4f contribution.

4.1. Calculation using the ground state wavefunction

The 4f cerium magnetic form factor can be calculated (appendix A) from the coefficients a;
of the ground state wavefunction:
[v) =Za,M|9JM), with Za%M =1.
IM IM

The number of coefficients a ;) depends on the J multiplet considered, and, as mentioned in
the introduction, the influence of the excited multiplet may be significant. There are six values
associated with the ground multiplet J = 5/2 (—=5/2 < M < 5/2) and eight values associated
with the excited multiplet J' = 7/2 (—=7/2 < M’ < 7/2). As the magnetic field is applied
along the a-direction, this direction was taken as the quantification axis z for all the calculations
(the c-direction of the hexagonal structure is then the y-axis). z being a twofold axis implies
that only terms corresponding to AM = +2 will exist [10]. Half of the coefficients a, s are
then zero:

a 0,

2l

a

I

a

(S

S 1
2 2

TSR]

ai s =0.

2°2

ai 1

2

a

I

I

az i
2°2

For low temperatures (77 = 7 K), when only the ground state is occupied, we have written
a program which refines the coefficients a;jy of its wavefunction. A scaling factor Ky is
introduced, which can represent a reduction factor of the moment due to the strong hybridization
effects [11]. This type of refinement leads to a wavefunction fitting the experimental data and
does not need any model describing the state of the system.

A first refinement was tried by considering the ground multiplet / = 5/2 only. There
remain only the three as/, y coefficients. The best fit corresponds to x2 around 9 (x? =
Zi Di (/,Lfi()bs — /,Lficalc)z/(Nobs — Nyar) With p; = 1/0’52), with as;2,3/2 and as;,—5/2 positive
and as;», 1> strongly negative (see table 2). The calculated points are plotted in figure 3(a).
Besides the discrepancy for the reflections at low sin 6 /A in which the 5d contribution is present
and which were not used for the refinement anyway, the measured anisotropy is not at all well
accounted for. In particular, the reflections of type 0k2 are calculated to be much lower than
those measured.

The fit is substantially improved if the two multiplets J = 5/2 and J' = 7/2 are taken into
account (seven coefficients a; ) and is not much altered by the value of K (1.6 < x2 < 1.9).
The results in table 2 are given for a value Ky = 0.66, for coherence with what follows in this
paper. The main change from the preceding calculation is the change of sign of the coefficient
asy,—1,2 and the emergence of non-negligible terms a7/, y. The calculated 4f moment 4
(0.52 up) is lower than that obtained with one multiplet (0.58 wp) but still definitely larger than
the measured macroscopic magnetization M = 0.42 ug. The agreement between observed
and calculated points (figure 3(b)) is much better for all the reflections and the calculation for
0k2-type reflections is now quite satisfactory.

4.2. Calculation using the Hamiltonian

Another way of performing the calculations consists of a diagonalization of the Hamiltonian
of the system to obtain the wavefunction coefficients of all the energy states. The form factor
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Table 3. Examples of possible crystal field parameters (B,f)c fitting the Ce form factor.
Ji = 570 K, (BY). = —7500 K, (B). = 650 K and (Bf). = 0. Ky a scaling factor, ju4
the calculated 4f moment, p.ff its spin part and M the measured magnetization.

T H (B)e Ko Har ny M M~ X°
® @M K (uB)  (uB)  (uB) ()

7 46 =337(14) 0.66(2) 0.50 —0.52 0.42(1) —0.08(1) 2.0
110 5 —331(30) 0.68(1) 0.26 —0.26 0.25(1) —0.01(1) 2.4
120 5 —332(45) 0.68(9) 0.17 —0.18 0.17(1) 0.00(1) 1.7
150 9 —314(34) 0.68(4) 0.082 —0.071  0.087(5) 0.005(5) 1.3
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Figure 4. Comparison of the experimental magnetic amplitudes w f (full dots) with those calculated
with two multiplets J = 5/2 and J' = 7/2 (open dots). (a) At T = 7K; (b)at T = 150 K.
Calculations were performed using exchange and crystal field parameters given in table 3.

is then calculated for each level and the resulting value is obtained taking into account the level
populations. Such a calculation is necessary for data at high temperatures, when several levels
might be occupied.

The Hamiltonian depends on exchange and crystal field parameters as defined in
appendix B and we have written a program that can refine these parameters from the form
factor data. At the same time, the spin and orbital parts of the moment are calculated. In fact,
all these parameters are strongly correlated and some of them have been fixed. The value of
the exchange parameter Ji was estimated from calculations of the thermal variation of the
magnetization and comparison to the Curie temperature. Calculations with two multiplets and
a value of Ji¢ = 570 K lead to a Curie temperature around 115 K.

There are nine crystal field parameters B} involved in the crystal field Hamiltonian for
the twofold axis a as the quantification axis ((BY) 4, (B as (B as (BDas (B)as (B 4y (B4,
(B$), and (BY),). However, there are only four coefficients ((BY)., (BY)c, (BY). and (BY),)if
the quantification axis is the sixfold axis ¢. The nine coefficients for z = a are not independent
but are related to the four coefficients for z = ¢, using the matrix for rotation of spherical
harmonics ¥, (Wigner formula). The relations are the following:
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(B))a = —(1/2)(BY)..,

(B3)a = —(3/2)(BY)..

(B))a = (3/8)(BY)e,

(B}a = (5/2)(BY)..

(B)a = (35/8)(BY)..

(BY)a = (1/16)(=5(BY). + (BY).),
(B)a = (1/32)(—105(B). — 15(BY).).
(B)a = (1/16)(—63(B). +3(BY).),
(BO)a = (1/32)(=231(BY)c — (BY).).

For simplicity, we use the four coefficients (BY)., (BY)., (BY). and (BY), for z = ¢, and the
program calculates the corresponding nine coefficients for z = a. A possible reduction factor
of the moment K|, is also introduced.

As for the previous calculations, refinements of the data at 7 = 7 K have been tried first,
by considering the ground multiplet J = 5/2 only ((Bg)c = (Bg)c = 0). No better result
than x2 ~ 15 could be found. Calculations with the two multiplets were then undertaken.
The spin—orbit coupling coefficient A was fixed to 930 K (. = A/J’ with A = 3250 K [7]).
We have noticed that there are an infinity of sets of (B}'). parameters which correspond to a
wavefunction close to that given in table 2, and then to good reliability factors x> ~ 2. Data
collected at low temperature (7 K) and at higher temperatures (110, 120 and 150 K) were used
to reduce the number of (BZ ) parameter sets. (BS)C has to be negative to get the moment along
the a-direction. Various values of (Bg)c were tried as well as compatible values for (Bff)c.
(Bg)c has almost no influence on the form factor and was therefore fixed to zero. Only (Bg)c
and K, were refined. No solution could be found with Ky = 1 and its value is always found
between 0.6 and 0.7. As an example, figure 4 shows the results obtained at 7 = 7 and 150 K
for (BY). = —7500 K, (BY). = 650 K and Ji = 570 K. Table 3 gives the refined parameters
(Bg)c and K at the four temperatures, together with the corresponding calculated 4f moment
Wat. These parameters are refined to almost the same values within the error bars and one can
then consider that the set of values (Bg)c = —7500 K, (Bff)c = 650 K, (Bg)c = —350K,
(Bg)c =0, Jy = 570 K and Ky = 0.67 fit our results well. As mentioned above, other
solutions for other values of (Bg)c lead after refinement to the same values of Xz and 4. The
determination of the right set of parameters needs data of another type: the treatment of the
inelastic neutron spectroscopy data together with the magnetization and susceptibility thermal
variations are under way and will be published later.

Besides the measurements of complete sets of ikl presented above, the thermal variation
of the six first reflections (010, 011, 020, 021, 030 and 002), which was measured to follow
the polarization temperature dependence, is also very fruitful. This diffuse contribution is
observable only at low sind/A. The experimental values for the reflection 010 (sin6/x =
0.106 A=) and for the reflection 021 (sin /A = 0.268 A~!) are compared in figure 5. They
are the sums of the diffuse and 4f localized contributions, and because of the negative character
of the polarization, the values measured for the 010 reflection at low temperature are in fact
below those measured for the 021. The corresponding magnetic amplitudes for the 4f cerium
moment have been calculated with the set of parameters given above and they are also shown
in figure 5. Whereas there is almost no difference between observed and calculated points
for the 021 reflection, a large difference is observed for the 010 reflection. This difference
disappears on warming up to around 115 K, confirming that the polarization vanishes at the
ordering temperature.
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Figure 5. Thermal variation of the magnetic amplitudes 1 f of the 010 (circles) and 021 (triangles)
reflections. Full dots are experimental results, open dots are calculated points and lines are guides
for the eye. The data at 7 = 150 K were obtained in a different magnetic field, H = 9 T instead
of 5T.

5. Discussion

5.1. Diffuse polarization

Both analyses of the polarized neutron results, in direct or reciprocal space, show that the
strong and negative diffuse magnetic density is present essentially in the ferromagnetic state.

From the magnetization density maps which provide the localization of the projected
density, we find that this diffuse negative density is anisotropic and located mostly along the c-
chains. The map at 7 = 150 K, in the paramagnetic state, shows that it has strongly decreased.
The mean value of the negative densities between two cerium atoms gives an approximate idea
of the amplitude of the polarization. It is reported in figure 6(a) for the two directions [001]
and [210] (full and open squares, respectively).

From the form factor analysis, we get values of the calculated cerium localized 4f moments
War either from refinements at 7, 110, 120 and 150 K (table 3) or by calculation at various
temperatures between 7 and 150 K with the set of parameters given above ((Bg )e = —7500K,
(B)). = 650K, (B)). = —350K, (BY). = 0, Jix = 570 K and K = 0.67). They are reported
in figure 6(a) and, by comparison with the macroscopic magnetization M, a mean value of
the macroscopic negative polarization (M — par) can be deduced. The values thus obtained
at different temperatures (crosses) are slightly lower than those along the [001] axis deduced
from the maps (full squares). In fact, they do not match exactly to the same polarization: the
former correspond to a macroscopic polarization in the cell, whereas the latter represent the
mean polarization along one direction. But they are very close and present similar variations,
confirming that the negative polarization of the cell is mostly located along the [001] direction.

The diffuse negative magnetization (M — u4r) disappears at the ordering temperature.
In fact, as can be seen in figure 6(b), this polarization presents a linear variation versus the
calculated spin part uff of the 4f moment 14, and even becomes positive for very small
values of Mff. Because of the uncertainty on measurements of such small moments and on the
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Figure 6. (a) Thermal variation of the measured macroscopic magnetization M (full circles), of the
calculated 4f moment j4¢ (open circles) and of the diffuse negative polarization (crosses). Lines
are guides for the eye. Squares are the mean values deduced from the maps between two cerium
atoms in the directions [001] (full dots) and [210] (open dots). The data at 7 = 150 K were
obtained in a different magnetic field, H = 9 T instead of 5 T. (b) Diffuse negative polarization
versus the spin part of the 4f moment.

parameters used for the calculations, this result has to be treated with great caution. However,
a similar result had already been observed in the 3d nickel metal by Brown et al [12].

5.2. Two-multiplet calculations

The influence of the excited multiplet of the Ce** ion is found to be far from negligible.
At T = 7 K, the 4f moment 4 is smaller when calculated with two multiplets than with
one multiplet (see table 2). The difference from the experimental macroscopic magnetization
M = 0.42 up, which determines the amplitude of the diffuse polarization, is then lowered by
a factor of 2.

In contrast, the calculated spin contribution /Lff to the 4f moment is higher with two
multiplets than with one multiplet (see tables 2 and 3). As the exchange interaction

Hex = —2Jix(S)S

is related to the value of the spin, the same value of the exchange parameter Ji will lead to
exchange effects that are much more important when the second multiplet is involved. The
important crystal field in CeRh3B,, which implies an influence of the second multiplet, might
be a part of the explanation for the abnormally high ordering temperature of that compound.

Such enhancement of the spin contribution is in agreement with results of magnetic
Compton effect measurements [13, 14] that give the value of the spin moment of the whole
compound. Analysis of the Compton profiles leads in both studies to the conclusion that the
ratio of the orbital to the spin part of the 4f moment _Mz%f / /L;ff is abnormally low (between
2.9 [13] and 1.8 [14]), compared to the value of 4 expected from Hund’s rules applied to the
fundamental multiplet of the Ce** ion. From our calculations with two multiplets, we find that
Mif ~ — s at all temperatures (see table 3), leading to Mal(f -~ —2uff. The low value of the
ratio _Mif / /Lff then originates from the value of the spin part which is higher than usually
expected for a same value of the total moment f14f.
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6. Conclusion

This study demonstrates the essential role played by the huge crystal electric field in CeRh3;B,
in its magnetic properties. Because of the large splitting, the influence of the second multiplet
of the Ce™ ion state is not negligible. In particular, it leads to a lower value of the 4f moment,
associated with an enhancement of its spin part. This latter point could explain the abnormally
high Curie temperature of this compound.

Such high crystal field effects are related to the crystal structure of CeRh3B,, with very
short distances between cerium atoms along the c-direction, much shorter than in the c-plane.
This feature leads to very anisotropic properties and to strong hybridization between cerium 4f
and conduction electrons along that direction. A diffuse negative magnetic density is indeed
present along the c-chains in the ordered state and disappears on heating above the Curie
temperature.
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Appendix A. Calculation of the magnetic form factor for rare earth ions taking into
account several multiplets J

A.l. Formalism

The magnetic form factor of a 4f ion for neutron diffraction is obtained from the cross section
of the neutron due to the interaction of its spin with the magnetic field existing in the target.
This field is mainly due to the spin of the electrons and to the motion of their charges (spin and
orbital parts, respectively). This interaction can be evaluated from the matrix elements of the
operator Q 1 (k) between the initial and final states |u) and |u’) of the target, using the tensor
operator method [15, 16]:

(mQL(R)IK)
with
QLK) =& x Q(k) X i
where Q(n) is an intermediate operator related to the magnetization density in direct space

and k the scattering vector:
- K
K=—.
K]
With the assumption that the states of the neutrons can be described by plane waves exp(ik - r):
R R (A
Q) =exp(ik-r)|S— —K XD
Nkl

where § and p are the spin and momentum operators for the electron.
The radial part of the 4f wavefunction f(r) is only present in the radial integrals (jx (k)),
where jg (kr) is a Bessel function:

<mw»=£ r2dr | f () jk (kr).
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They can be found in [17], as a result of a relativistic Dirac—Fock method which is well adapted
for the rare earth ions.

The n electrons of the configuration [ (I = 3 for rare earths) couple to give total S, L and
J. The summation over the n electrons and the transformation from one electron wavefunction
|Im) to |6 J M) is performed by Racah algebra [18], using parent states defined by S, L and
coefficients of fractional parentage (cfp) [19] (see table A.1). & = vSL, where the symbol v
stands for any other quantum numbers that are needed when the set SMg LM fails to define
the state uniquely. The wavefunction is then

W) =) auloIM).
M
The components Q 1(r), are calculated from

OIMIQL(K), 10T M)y =(0IM| > explic-r) I:n x (8 X &) — ﬁn x ﬁ} 0’7’ M)
K
q

electrons
= (4m)'? Y (As (K, K') + By (K, K"}
KK’
x Y YR(®)K'QJM|IM)(KQK'Q'|1g),
o’

where A; ;(K, K') isthe orbital contribution, B, ;- (K, K') is the spin contribution, containing
both 3, 6/, 9j symbols and the summation over the parent states. (K'Q'J'M’|J M) and
(KQK'Q'|1q) are Clebsh—Gordan coefficients and Y [g (k) a spherical harmonic. For rare
earths it is possible to consider only the lowest SL term. Then 8’ = 6§ and 8’ = S, L' =
L. The orbital contribution Ay, (K, K’) can be expressed as a function of coefficients
ajj/(K, K/) []6, 20]

Ay (K, K" = a; (K, K)[{jrk-100)) + (1 ()]

The spin contribution is more complicated, especially when several multiplets are involved.
As for the orbital part it is possible to express By (K, K') as a function of coefficients
cy(K, K’) [16, 201

e if K'isodd, then K = K’ £+ 1:

iK’fl

———— (K" + Deyp(K' =1, K (jrr—1(k

3(2K/+1)[( )eq( YJk-1(6))
— VK (K" + Dey (K" +1, K') (jka1 (6))];

e if K’ is even, then K = K':

, 2K + 1
By (K Ky =ik f %cuuﬂ K'Y ik ().

If only the ground multiplet is involved (J' = J), B, ;(K’, K') is zero if K = K’, due to the
9j coefficient present in ¢; (K, K').

B;y(K'—1,K') =

A.2. Calculations of ayj and ¢y coefficients

The coefficients A;;/(K, K’) and By, (K, K') are tabulated for J' = J in [20], and for
J' = Jand J' = J + 1 (for light rare earths) or J' = J — 1 (for heavy rare earths) in [16].
For our calculations, which include several multiplets, we need the other coefficients. From
the complete formalism [15], we have written a program which can calculate the a; ;/ (K, K')
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Table A.1. Quantum numbers for /", parent states (S and L) for /! and coefficients of fractional
parentage (cfp) [19] for Ce3* and Sm3*.

Ton Config. S L J Groundstate Parents § L cfp

Ce*t af! 1/2 3 5/2 %Fsp Is 12 0 1

Sm3* 4f3 5/2 5 5/2 SHsp D 2 2 —@2/3xT)H?
SF 2 3 —(1/@2x5)?
5G 2 4 —(Bx13)/2xTx11)/?
51 2 6 +((7Tx13)/3x5x11)1/?

Table A.2. Coefficients A(K, K’) and B(K, K’) as a function of a(K, K’) and ¢(K, K') for

f electrons.
K K  AKK,K') B(K,K")
0 1 a( Do)+ ()] 260, Do) — e, D{j2)
21 S0 o1 E[3e0 o - Ee i)
2 2 —/3e@.2)(i)
2 3 a@.3)[(p)+ ()] — 2 3)j2) + e 3) a)
43 [+ G [-Fee 30+ Fe@ 3]
4 4 V3e(, 4)(ja)

. . 6 . 10 .
45 a5 + Ue)l e 5)ia) — [ Be6. )4

6 5 Jla@siunrGol i g 00 - e 5)00)]

6 6 /5. 6)tio)

T R — L6, 1)
s 71— -6 o]

and ¢, ; (K, K’) coefficients for the different rare earth ions, including the cfp and 3/, 6 and
9 coefficients.

The calculation with several multiplets is always necessary for the Sm** ion, whereas for
the Ce®" ion this calculation has to be done only in some special physical cases. These two ions
present the same ground multiplet J/ = 5/2 and this rather low value implies that, due to the
9j coefficient presentin c; ;. (K, K'), these coefficients are non-zero only if K’ < J'+J. The
terms c¢;;/(6, 7) and then By ;/(6, 7) and By (8, 7) are different from zero only for J +J' > 7.
But these two ions differ in their number of 4f electrons. In the case of Ce®", only one
4f electron is present and there is then only one parent. For Sm>*, with five 4f electrons, four
parents must be taken into account (see table A.1). S and L not being the same for the two
ions, there are only two multiplets J = 3 = 1/2 in Ce**, and there are six multiplets between
J =5—5/2and 5+5/2in Sm>. We present coefficients calculated for both ions Ce** and
Sm>* in tables A.2-A.5.

A.3. Form factor calculations using the wavefunction

We have written a program calculating the magnetic form factor of the ground state from
the wavefunction. It is a generalization of that previously developed [21] and it uses the
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Table A.3.  Coefficients a, ;(K,K') and ¢, ;(K, K') for Ce** and Sm>* ions for the two
multiplets 5/2 and 7/2. The coefficients in bold can also be obtained from those tabulated by
Balcar and Lovesey [16] and/or Lander and Brun [20].

Ce* ion Sm3* jon
J J’ K K’ a‘]“]/(K,K,) CJJ/(K,K/) a‘]“]/(K,K,) cy (K, K"
5/2 5/2 0 1 —1.126 87 0.422 58 —1.690 31 2.11289
5/2 5/2 2 1 —0.796 82 0.478 09 —1.19523 —0.34529
52 52 2 2 — 0 — 0
5/2 5/2 2 3 —0.521 64 —0.23905 0 0.172 64
5/2 5/2 4 3 —0.45175 —0.690 07 0 —0.27184
52 572 4 4 — 0 — 0
5/2 5/2 4 5 —-0.217 31 0.104 03 0.08561 0.040 98
5/2 5/2 6 5 —0.198 38 1.13961 0.078 15 0.195 69
52 52 6 6 @ — 0 — 0
52 52 6 1 — 0 — 0
5/2 7/2 0 1 0.25198 —0.75593 0.690 07 —2.07020
5/2 772 2 1 0.17817 0.267 26 0.487 95 0.04229
5/2 7/2 2 2 — 0.62361 — —0.164 46
5/2 772 2 3 0.32991 0.50395 0 —0.292 38
5/2 772 4 3 0.28571 —0.32733 0 0.204 03
5/2 7/2 4 4 — —0.690 85 — —0.099 38
5/2 7/2 4 5 0.343 60 —0.39477 —0.24713 —0.15143
5/2 7/2 6 5 0.31367 0.30031 —0.22560 —0.43310
5/2 7/2 6 6 — 0.94013 — 0.058 95
52 72 6 71 — 0 — 0
7/2 5/2 0 1 —0.21822 0.654 65 —0.597 61 1.792 84
7/2 5/2 2 1 —0.154 30 —0.23146 —0.422 58 —0.036 62
7/2 5/2 2 2 — 0.54006 — —0.14242
7/2 5/2 2 3 —0.28571 —0.436 44 0 0.25321
7/2 5/2 4 3 —0.247 44 0.28347 0 —0.176 70
7/2 5/2 4 4 — —0.598 29 — —0.086 06
7/2 5/2 4 5 —0.297 57 0.34188 0.21402 0.131 14
7/2 5/2 6 5 —0.271 64 —0.260 08 0.19537 0.37507
772 52 6 6 @ — 0.81417 — 0.05105
72 52 6 7 @ — 0 — 0
7/2 7/2 0 1 —1.13389 —0.566 95 —1.55385 0.69293
72 7/2 2 1 —0.80178 —0.26726 —1.098 74 —0.293 39
72 72 2 2 — 0 — 0
7/2 772 2 3 —0.547 10 0.62678 0 —0.141 56
7/2 72 4 3 —0.473 80 0.197 39 0 —0.20044
72 12 4 4 — 0 — 0
72 7/)2 4 5 —0.27702 —0.795 69 —0.184 68 —0.227 19
7/2 7/2 6 5 —0.252 89 —0.11175 —0.168 59 —0.099 78
72 12 6 6 — 0 — 0
7/2 72 6 7 — 1.236 82 — 0.220 88

ayjp(K, K" and c; (K, K') coefficients. The coefficients of the ground state wavefunction
can be refined by a least squares method from the measured form factor. However, this method
can be applied if only one level is populated: at high temperatures, where the population of
several levels is important, a formalism involving the diagonalization of the Hamiltonian has
then to be developed.
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Table A.4.

J =9/2.

J J K K’ ay (K, K" ¢y (K, K
5/2 9/2 0 1 0 0

5/2 9/2 2 1 0 0

5/2 9/2 2 2 — 0.12336
5/2 9/2 2 3 0 0.227 88
5/2 9/2 4 3 0 —0.03472
5/2 9/2 4 4 — 0.186 35
5/2 9/2 4 5 0.29755 0.23361
5/2 9/2 6 5 0.27163 0.31741
5/2 9/2 6 6 — —0.26424
5/2 9/2 6 7 — —0.198 22
7/2 9/2 0 1 0.749 49 —2.248 46
7/2 9/2 2 1 0.529 97 —0.010 60
72 9/2 2 2 — —0.21878
7/2  9/2 2 3 0 —0.157 16
7/2 9/2 4 3 0 0.156 46
7/2  9/2 4 4 — —0.099 68
7/2 9/2 4 5 —0.11524 0.094 15
7/2 9/2 6 5 —0.10520 —0.34246
7/2  9/2 6 6 — —0.024 42
7/2 9/2 6 7 — —0.39138
9/2 5/2 0 1 0 0

9/2 5/2 2 1 0 0

9/2 5/2 2 2 — —0.09555
9/2 52 2 3 0 0.176 52
9/2 5/2 4 3 0 —0.026 90
9/2 5/2 4 4 — —0.144 35
9/2 5/2 4 5 0.23048 0.18095
9/2 5/2 6 5 0.21040 0.24587
9/2 5/2 6 6 — 0.204 68
9/2 5/2 6 7 — —0.15354
9/2 7/2 0 1 —0.670 36 2.01108
9/2 7/2 2 1 —0.474 02 0.009438
9/2 7/2 2 2 — —0.19568
9/2 7/2 2 3 0 0.14057
9/2 7/2 4 3 0 —0.13994
9/2 7/2 4 4 — —0.089 16
9/2 7/2 4 5 0.103 08 —0.084 21
9/2 7/2 6 5 0.094 10 0.306 30
9/2 7/2 6 6 — —0.02185
9/2 7/2 6 7 — 0.35006
9/2 9/2 0 1 —1.54106 —-0.35176
9/2 9/2 2 1 —1.089 69 —0.22552
9/2 9/2 2 2 — 0

9/2 9/2 2 3 0 —0.24128
9/2 9/2 4 3 0 —0.21276
9/2 9/2 4 4 — 0

9/2 9/2 4 5 —0.178 79 —0.18676
9/2 9/2 6 5 —0.16322 0.01546
9/2 9/2 6 6 — 0

9/2 9/2 6 7 — —0.088 21

Coefficients a; (K, K') and ¢; j(K, K') for a Sm™ ion for the third multiplet
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Table A.5. Orbital contributions A,/ (K, K') and spin contributions B (K, K’) for the Ce*
ion. The coefficients for 5/2, 5/2 and 5/2, 7/2 were tabulated by Balcar and Lovesey [16].

AK, K'Y B(K,K) A(K,K) B(K,K') A(K,K') B(K,K') AK,K) B(K,K'
J J KK (o) (Jjo) (J2) (J2) (Ja) (Ja) (Je) (Jo)

5/25/20 1 —1.12687 028172 —1.12687 —0.22537
5/25/22 1 —0.79682  0.19920 —0.79682 —0.15936

5/25/22 2 — 0

5/25/22 3 —0.52164 020866 —0.52164 —0.52164

5/25/24 3 —0.45175  0.18070 —0.45175 —0.45175

5/25/24 4 — 0

5/25/24 5 021731  0.10866 —0.21731 —1.08657
5/25/26 5 —0.19838  0.09919 —0.19838 —0.99190
5/25/26 6 — 0
5/27/20 1 025198 —0.50395 0.25198 —0.12599

5/27/22 1 0.17817 —0.35635  0.17817 —0.089 09

5/27/22 2 - —0.80508

5/27/22 3 0.32991 —0.43989 032991 —0.24744

5/27/24 3 0.28571 —0.38095 0.28571 —0.21429

5/27/24 4 - ~1.19659

5/27/24 5 034360 —0.41232  0.34360 —0.28634
5/27/26 5 031367 —0.37640 031367 —0.26139
5/27/26 6 - —1.95703
7/25/20 1 —021822 043644 —0.21822  0.10911

7/25/22 1 —0.15430 030861 —0.15430  0.07715

7/25/22 2 - —0.69722

7/25/22 3 —0.28571  0.38095 —0.28571  0.21429

7/25/24 3 —024744 032991 —0.24744  0.18558

7/25/24 4 0 —1.03627

7/25/24 5 —0.29757 035708 —0.29757  0.24797
7/25/26 5 —027164 032597 —0.27164  0.22637
7/25/26 6 — —1.694 84
7/27/20 1 —1.13389 —0.37796 —1.13389  0.12599

7/27/22 1 —0.80178 —0.26726 —0.80178  0.08909

7/27/22 2 — 0

7/27/22 3 —0.54710 —0.54710 —0.54710  0.14921

7/27/24 3 —0.47380 —0.47380 —0.47380  0.12922

7/27/24 4 0 0

7/27/24 5 —0.27702 —0.83107 —0.27702  0.10655
7/27/26 5 —0.25289 —0.75866 —0.25289  0.09726
7/27/26 6 — 0
7/27/26 17 —1.47499
7/27/28 1 ~1.37973

A.4. Form factor calculations using the Hamiltonian

We have also written a double-precision program calculating the magnetic form factor at
any temperature using the complete Hamiltonian of appendix B. Starting from the spin—orbit
coupling, from the crystal field parameters, from the exchange and applied fields, the energy
levels and the wavefunctions are obtained by diagonalization. The magnetic form factor is
then calculated for each level using the coefficients a;;(K, K') and ¢, (K, K') previously
obtained, and finally a thermal averaging is performed. A comparison between calculated and
observed form factors leads to a refinement, by a least squares method, of the parameters of
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the Hamiltonian. The calculations have been tested by a comparison to the results of ones
performed in 1978 with the SCAMAG program [22] for Sm compounds [23].

Appendix B. Matrix elements of the Hamiltonian for rare earth ions in the case of J
mixing

B.1. Formalism

To calculate physical variables, such as the moment and form factor, it is necessary to obtain the
wavefunctions and the energies of the different levels by diagonalizing the total Hamiltonian,
which can be written as the summation of four terms:

‘H = Hso + Hcr + Hex + Hap
with

‘Hso : spin—orbit coupling term,

Hcr @ crystal field term,

Hex : exchange term,

Hap : Zeeman term (applied field).

B.2. The spin—orbit coupling Hamiltonian
Hso = AL - S.
The corresponding matrix is rather simple, diagonal (non-zero only if / = J and M = M’)
and independent of M. The coefficient A is related to the splitting between the multiplets:
(OJMIAL - S|10J'M'y = (1/2DA[J(J +1) — L(L+1) = S(S+1].

B.3. The crystal field Hamiltonian

In order to include several multiplets, the method of the Stevens operators [24] set up for the
calculation of matrix elements within the ground J multiplet is no longer convenient, and a
more general approach has been developed. The crystal field potential V at a rare earth ion
site can be expressed as [25]

V=Y "vi=> ALY 6, )
k.q k.q

where Y, ,f (6, @) is a spherical harmonic, (r¥) is the mean value of the kth power of the 4f electron
radius, A/ are parameters related to the strength of the crystal field. It is possible to define
Ul = (4m/ 2k + 1) 2y

It as been shown [26] that the crystal field matrix elements of a configuration f” can be
calculated by the tensor operator techniques of Racah [18] (for one SL term) in terms of 3
and 6 symbols:

OIM|UL0T' M) = §(SS) (=DM + 1)(2J + 1)]'/?
J k J L J S
X <—M q M/) { 7Lk } (VSL||Ui|lvSL).
If we use the normalization factors NZ , the AZ coefficients are similar to those involved in the
Stevens formalism [24], and

Her = Y NJALGM UL = > NIBLUL.
k.q k.q
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The N,f coefficients and the reduced matrix elements (VSL| U ||vSL) are tabulated in [25] but
some errors seem to be present in that reference (appendix B.6).

B.4. The exchange Hamiltonian

The third term describes the effect of the exchange via the interionic exchange parameter Jr
acting on the spin operator S:

Hex = —2Ji(S)S.
The reference [27] gives the matrix elements for S, and S,:
OIM|S, |00 M'y = (= 1) M3 a7 + 1)) + D]'?
x<_‘§w (1) 1{;){? }9/ i}[5(5+1)(25+1)]'/2,
(OIM|S |00 M'y = (—1)! M+ 7 4 1) 20 + 1)]/?
XL[(] 1 J//>_(J 1 J//)HS S, 1}
V2l\-M -1 M -M +1 M J J L
x [S(S+1)(2S + D]'/2,
With the relations

S, = S, +iS,, Sy = (1/2)(S_ +Ss),
S_ =S5, —iS,, Sy = (/2)(5- — S,

it is then easy to obtain the matrix elements of S, S,, and S_:
(OIM|S,10J'M') = i(=1)! "M 7 + 1) 2 + D]'?
XLJIJ/_FJIJ/SSI
V2I\-M -1 m -M +1 M J J L
x [S(S+1)(2S + 1)]"2,
OIM|S.|0J' My = f( /- M+L+S+“‘[(2J+1)(2J + D]V
S S 1 12

OIM|S_10J' My = x/_(—l)"M+L+S+J/+'[(2J+ DEJ + D]Y?

J 1 JN[Ss s 1 2
><<_M 1 M/>{J 7 L}[S(S+1)(ZS+1)] .

B.5. The Zeeman Hamiltonian

The fourth term describes the effect of the applied field Hp acting on the moment operator:
Hap = uHpp « (L +28).

The reference [27] gives the matrix elements for L.:

(OIM|L.|0J'M'y = (—1)! "ML+ 7 4+ )T+ 1)]/?

J 1 J L L 1 1/2
X(—M 0 M’){J 7 S}[L(L+1)(2L+1)] .



The cerium magnetic form factor in CeRh3 B, 1229

Table B.1. Modified sixth-order reduced matrix elements of the lowest SL term.

Ton Ground term (WSL||Ug|lvSL)

pr3*  SH F(1/3)(5 x 17/7)!/?
Tm3*
Sm3*  °H +(1/3)(5 x 17/7)!/?
Dy3+

As in the case of the spin, it is easy to obtain the expressions for L., L_, L, and L,, and then
those for J;, J; and J,.

B.6. Diagonalization of the total Hamiltonian

A double-precision program diagonalizes the complex matrix of the total Hamiltonian. The
field can be applied in any direction, and the self-consistency of the moments is achieved
for any component. Some physical observables, such as magnetization, hyperfine field and
neutron transitions can be calculated.

On comparing the formalisms of [25] and [27], a disagreement appears concerning the sign
of the coefficients (VSL||Us||vSL) for Pr3*, Sm**, Dy** and Tm3*. Testing the calculations
for a single multiplet J with a previous program, and comparing with calculations performed
on Sm compounds [23], we agree with the formalism of [27]. The reduced elements are those
of table B.1. Moreover, these tests demonstrate that the N22 coefficient in [25] is half its real
value and the exact value should be

N3 = —4(7/3 x 5% x (2 x 3)/%.
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